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Abstract: All the entire solutions to the maximal surface equation in certain 3-dimensional Lorentzian
manifolds, obeying the null energy condition, are obtained. Thus, we solve new Calabi–Bernstein problems.
As a consequence, the corresponding parametric versions are also given. The behaviour of this Calabi–
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1. Introduction
In this paper we will deal with the following nonlinear elliptic differential equation:(
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where f : I −→ R is a positive smooth function and u = u(x, y), (x, y) ∈  ⊆ R2. Note
that the constraint (A.2) is the ellipticity condition for equation (A.1). Moreover, u satisfies
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equation (A) (i.e. (A.1) and (A.2) together) if it is extremal, among functions (which satisfy the
constraint (A.2)) under interior variation for the area integral∫
f (u)
√
f (u)2 − (∂u/∂x)2 − (∂u/∂y)2 dx ∧ dy. (1)
This variational problem naturally arises from Lorentzian Geometry. To clarify this, consider
the product manifold M = I × R2 with the Lorentzian metric
〈· , ·〉 = −π∗I (dt2) + f (πI )2π∗R2(g) (2)
where πI and πR2 denote the projections onto the open interval I of R and R2, respectively; g
is the usual Riemannian metric of R2 and f > 0 is a smooth function on I . Then (M, 〈· , ·〉) is
a warped product, in the sense of [16, p. 204], with base (I, −dt2), fiber (R2, g) and warping
function f . We will refer to (M, 〈· , ·〉) as a Robertson–Walker (RW) space.
For each u ∈ C∞() the induced metric on  from the Lorentzian metric (2), via the graph
{(u(x, y), x, y) : (x, y) ∈ } ⊂ M , is written as follows
gu = −du2 + f (u)2g, (3)
and it is positive definite, i.e. Riemannian, if and only if u satisfies (A.2) everywhere on .
Moreover u, under (A.2), is a critical point of (1) if and only if the corresponding spacelike
graph has zero mean curvature, and so, (A) is the zero mean curvature differential equation (or
also called maximal surface differential equation) for spacelike graphs in M . An important case
of equation (A) is I = R and f ≡ 1. Then M is the Lorentz–Minkowski space L3 and under
these assumptions equation (A) possesses a well-known Calabi–Bernstein property, namely the
only entire (i.e. defined on all R2) solutions to equation (A) when I = R and f ≡ 1 are the
affine functions u(x, y) = ax + by + c such that a2 + b2 < 1. This relevant fact is a special
case of more general theorems obtained in [6] and [7], and can be also stated in terms of the
local complex representation of the surface [10, 14]. A direct simple proof of that result using
only Liouville’s theorem on harmonic functions on R2 was given in [18] inspired from [8].
If the warping function f satisfies f ′( t0) = 0, then an easy solution to equation (A) is the
constant function u = t0. In fact, we will show that for a non-locally constant warping function
f , which satisfies several natural assumptions, u = t0 is the unique entire solution to (A).
Therefore, the main aim of this paper is to prove the following results:
Theorem A. If f is not locally constant, has Inf( f ) > 0, satisfies (log f )′′  0 and there
exists t0 ∈ I such that f ′( t0) = 0, then the only entire solution to equation (A) is u = t0.
Theorem B. If f has Inf( f ) > 0 and Sup( f ) < ∞, satisfies (log f )′′  0 and f ′ has no zero,
then there exists no entire solution to equation (A).
According to the same philosophy of [18], but now under the assumptions of Theorem A
and Theorem B, our results are proved by using the following three steps:
(1) On any maximal surface in M there exists a positive superharmonic function, which is
constant if and only if the surface is a spacelike slice.
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(2) The metric of any spacelike graph is globally conformally related to a metric g∗, which
is complete when the graph is entire.
(3) On any maximal graph the metric g∗ has non-negative Gauss curvature.
The mean curvature differential equation for spacelike graphs in Generalized Robertson–
Walker spaces has been dealt with in [2, 3] (see also [4]). However, in these references it
is assumed that the spacelike graphs were constructed on compact manifolds. This topological
assumption is of interest in Physics, because one can consider then spatially closed cosmological
models. Moreover, it allows you to use integration as the main tool. In the important case of
Lorentz–Minkowski space, the zero mean curvature differential equation for closed (and, of
course, non-compact) spacelike graphs has been studied in [6, 7]. As far as we know, when the
ambient space is a (generic) RW space with complete and non-compact fiber, this equation has
not been considered up until this paper. We will deal with the zero mean curvature equation in
the special but important case where the ambient space is a nowhere flat 3-dimensional RW
space with complete and flat fiber.
The paper is organized as follows. In Section 2 we recall the basic formulas for maximal
surfaces S of RW spaces M and show the fundamental differential equation (10) that the
restriction on S of universal time satisfies. In Section 3 we recall an energy condition which
will be assumed on the Ricci tensor of the ambient RW space and discuss its implication,
Proposition 3.1, on the geometry of S. Section 4 is devoted to proof Theorems A and B. Finally,
in Section 5 we give parametric versions of these results, Corollaries 5.1 and 5.3, and we analyze
Theorems A and B in terms of stability of Lorentz–Minkowski space L3.
2. Preliminaries
Let (M, 〈· , ·〉)be a Robertson–Walker space and let x : S −→ M be a (connected) immersed
spacelike surface in M , that is, the immersion x induces a Riemannian metric on S from the
Lorentzian metric (2). As usual, we agree to represent this induced metric with the same symbol
as the metric (2) does. The unitary timelike vector field ∂t := ∂/∂t ∈ X(M) determines a time-
orientation on M . Then the time-orientatibily of the Lorentzian ambient space allows us to
consider N ∈ X⊥(S) as the only, globally defined, unitary timelike normal vector field on S in
the same time-orientation of −∂t . Thus, from the wrong way Cauchy-Schwarz inequality, (see
[16, Proposition 30, Chap. 5], for instance) we have < N , ∂t > 1 and < N , ∂t >= 1 at a
point p if and only if N (p) = −∂t(p). We will call spacelike slice to a spacelike surface x such
that πI ◦ x is a constant.
From the Gauss and Weingarten formulas we have the relationship between the Levi-Civita
connections of M and S, denoted by ∇ and ∇ respectively,
∇X Y = ∇X Y − 〈AX, Y 〉N (4)
where X, Y ∈ X(S) and A is the shape operator (or Weingarten endomorphism) associated to
N which is given by
AX := −∇X N . (5)
Now we introduce on M the timelike vector field a ∈ X(M) given by a := f (πI )∂t . Note
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that a spacelike surface is a spacelike slice if and only if it is orthogonal to ∂t or, equivalently,
orthogonal to a. We will see now this vector field has a nice geometrical property, which, in
particular, says that it is conformal; and which will be a key fact to obtain our main tools. From
the relationship between the Levi-Civita connections of M and those of the base and the fiber,
[16, Proposition 35, Chap. 7], or [5, Chap. 3], it is not difficult to get
∇ Z a = f ′(πI )Z , (6)
for all vector field Z on M . From (6) and the Gauss formula (4) we have
f (t) div(∂Tt ) + 〈∇ f (t), ∂Tt 〉 + f (t)〈N , ∂t〉trace(A) = 2 f ′(t) (7)
where ∂Tt := ∂t +〈N , ∂t〉N is the tangential component of ∂t on S, div and ∇ are the divergence
and the gradient on S, respectively, t := πI ◦ x is the projection of S on I , f ( t) := f ◦ t and
f ′( t) := f ′ ◦ t .
On the other hand, it is not difficult to see
∇t = −∂Tt . (8)
From (7) and (8) we get
t = − f
′(t)
f (t) {2 + |∇t |
2} + 〈N , ∂t〉trace(A) (9)
where t := div(∇t) is the Laplacian of t on S.
The function H := − 12 trace(A) is called the mean curvature of S relative to N . A spacelike
surface S with zero mean curvature is called maximal. In fact, it can be shown that the mean
curvature of S is zero if and only if S is (locally) a critical point of the area functional (1).
So, the name “stationary” could be a better term. However, “maximal” is justified because this
critical point is of course a local maximum in relevant cases (see [15], for instance). When S is
a maximal surface, formula (9) reads
t = − f
′(t)
f (t) {2 + |∇t |
2}, (10)
and therefore, from (10), we get
 f (t) = − f
′(t)2
f (t) {2 + |∇t |
2} + f ′′(t)|∇t |2
= −2 f
′(t)2
f (t) + f (t)(log f )
′′(t)|∇t |2.
(11)
Thus, if it is assumed that the warping function f satisfies (log f )′′( t)  0, then  f ( t)  0;
that is, f ( t) > 0 is a superharmonic function on S.
Lemma 2.1. Let S be a maximal surface of M. If the warping function f is not locally constant,
then f ( t) is constant if and only if S is a spacelike slice.
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Proof. First, note t(S) is a non-empty connected subset in R. Assume that f ( t) is constant. If
t(S) does not reduce to a single point then t(S) contains an open sub-interval J of I and f |J
must be constant, which contradicts our assumption. The converse is clear.
3. Set up
In this section we will consider the ambient RW space M obeys the null convergence condition
(NCC), namely, its Ricci tensor, Ric, satisfies Ric(Z , Z) 0, for all null tangent vector Z ; that
is, Z satisfies 〈Z , Z〉 = 0 and Z = 0. This geometric assumption historically arises from
Physics. In fact, NCC on a spacetime is a necessary condition in order that the spacetime obeys
Einstein’s equation. NCC is an energy condition which can be imposed to realistic spacetimes.
Another one is the so called timelike convergence condition (TCC). A Lorentzian manifold
obeys TCC if its Ricci tensor satisfies Ric(Z , Z) 0, for all timelike tangent vector Z , that is,
such that 〈Z , Z〉 < 0. An easy continuity argument shows that TCC implies NCC. The converse
is not true (see below). Here we adopt a more geometric viewpoint. So, NCC can be seen as
a curvature regularity condition imposed on RW spaces which can be obtained from natural
perturbations of the flat Lorentzian metric of Lorentz–Minkowski space L3. So, Theorems
A and B may be interpreted in terms of the behavior of equation (A) on a neighborhood of
geometries, defined by certain family of RW spaces M , close to the flat geometry of L3 (see
Section 5).
We want now to express these energy conditions in terms of the warping function f which
defines the RW space M . Taking into account that the fiber of M is flat, from [16, Corollary 43,
Chap. 7], we have
Ric(X, Y ) =
( f ′′
f +
( f ′)2
f 2
)
〈X F , Y F 〉 − 2 f
′′
f 〈X, ∂t〉〈Y, ∂t〉, (12)
for any tangent vectors X, Y to M , where X F := X+ < X, ∂t > ∂t and Y F := Y + 〈Y, ∂t〉∂t
stand for the components of X and Y , respectively, on the fiber R2 of M . Consider now a null
tangent vector Z , which, from (2), satisfies
〈Z F , Z F 〉 = 〈Z , ∂t〉2. (13)
Using last formula in (12), we deduce that for a null tangent vector Z ,
Ric(Z , Z) = −(log f )′′〈Z , ∂t〉2. (14)
Therefore, a RW space M obeys NCC if and only if its warping function satisfies
(log f )′′  0, (15)
on all the interval I . From (12) it is also easily seen that M obeys TCC if and only if
f ′′  0, (16)
(compare with [2, section 5]). Of course, (16) implies (15), and the converse is not true, in
general.
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Now, we come back to consider a spacelike surface S in M . If we denote by R and R the
curvature tensors of S and M , respectively, then we get the Gauss equation
〈R(X, Y )U, V 〉 = 〈R(X, Y )U, V 〉 − 〈AY, U 〉〈AX, V 〉 + 〈AX, U 〉〈AY, V 〉 (17)
where X, Y, U, V ∈ X(S). Moreover, we have the Codazzi equation which, taking into account
that the normal bundle of the spacelike surface is negative definite, is written as follows
R(X, Y )N = −(∇X A)Y + (∇Y A)X (18)
for all X, Y ∈ X(S).
From the Gauss equation (17) we deduce that
Ric(X, Y ) = Ric(X, Y ) + 〈R(N , X)Y, N 〉 + 2H〈AX, Y 〉 + 〈A2 X, Y 〉 (19)
where Ric and Ric denote the Ricci tensors of S and M , respectively.
Now we take a local orthonormal frame field E1, E2, E3 on M which is adapted to S; that
is, on S, E1, E2 are tangent to S and E3 = N . From (19) we obtain
2K =
2∑
i=1
Ric(Ei , Ei )
=
2∑
i=1
Ric(Ei , Ei ) +
2∑
i=1
〈R(N , Ei )Ei , N 〉 − 4H 2 + trace(A2)
(20)
where K is the Gauss curvature of S. Now we can rewrite (20), using (12) or [16, Problem 13,
Chap. 7], as follows
2K = 4 f
′′(t)
f (t) + 2
f ′(t)2
f (t)2 + 2Ric(N , N ) − 4H
2 + trace(A2). (21)
Using (12) again, we get from (21)
K = f
′(t)2
f (t)2 − (log f )
′′(t)|∂Tt |2 − 2H 2 +
1
2
trace(A2) (22)
where
f ′(t)2
f (t)2 − (log f )
′′(t)|∂Tt |2
is, at any point p ∈ S, the sectional curvature in M of the tangent plane Tp S ([1, Lemma 2]).
If S is a maximal surface, then (22) reduces to
K = f
′(t)2
f (t)2 − (log f )
′′(t)|∂Tt |2 +
1
2
trace(A2). (23)
Now, from (23) we will study the sign of K for a maximal surface S in a RW space M which
obeys NCC. Moreover, we will characterize in terms of K the totally geodesic (i.e. with A ≡ 0)
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spacelike surfaces among the maximal ones in M . In order to do it, we will derive two formulas
involving the function 〈N , a〉 on S. From (5) and (6) we get
∇〈N , a〉 = −AaT (24)
where aT := a + 〈N , a〉N is the tangential component on S. Therefore, we deduce that
|∇〈N , a〉|2 = 12 trace(A2){〈N , a〉2 − f (t)2}. (25)
A direct computation from (24), using the Codazzi equation (18), gives
〈N , a〉 = Ric(N , aT ) + trace(A2)〈N , a〉. (26)
On the other hand, from (12) we have
Ric(N , aT ) = −(log f )′′(t)|∂Tt |2〈N , a〉 (27)
Thus
〈N , a〉 =
{
K − f
′(t)2
f (t)2 +
1
2
trace(A2)
}
〈N , a〉. (28)
We are now in position to prove the following general inequality for the Gauss curvature:
Proposition 3.1. The Gauss curvature K of any maximal surface in a RW space M , which
obeys NCC and has fiber R2, satisfies
K (p)  ( f
′)2
f 2 (t(p)) (29)
at any point p ∈ S, and K ≡ ( f ′)2/ f 2 ◦ t if and only if the surface is totally geodesic.
Proof. The inequality (29) is easily obtained using (15) in (23). Assume now that the equality
holds. In this case we deduce from (23) that (log f )′′( t)|∂Tt |2 = 0 and A ≡ 0. For the converse,
note that, only from (23), it is not possible to conclude that the condition A ≡ 0 gives the
announced equality for the Gauss curvature. On the other hand, if the surface is totally geodesic
then, from (24), we get that 〈N , a〉 is a (positive) constant. Now, (28) gives K ≡ ( f ′)2/ f 2 ◦ t ,
which ends the proof.
Remark 3.2. Note that Proposition 3.1 says, in particular, that the Gauss curvature of any
maximal surface in L3 is non-negative and it is identically zero if and only if the surface is
totally geodesic. This fact is of course well-know, [10, 14]. Thus, Proposition 3.1 can be seen as
an extension of this result to the case in which the ambient spaces are RW spaces which obey
NCC.
4. Proof of main results
We begin by observing that if a not locally constant positive smooth function f : I −→ R
satisfies (log f )′′  0 and has a critical point t0 ∈ I then t0 is the unique critical point of f and
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Sup( f ) = f ( t0). In order to prove the uniqueness, assume there exists another critical point t1
of f . We suppose t0 < t1. If we put h := log f , then h satisfies h′′  0 and h′( t0) = h′( t1) = 0.
Therefore h′ ≡ 0 on [ t0, t1] which contradicts the fact that f is not locally constant. The case
t1 < t0 follows from the previous argument in a similar way. Now we have to show that t0 is not
a point of inflection of f . But h′′  0 and hence h has no point of inflection. Thus t0 is a relative
maximum of h and, hence, t0 is also a relative maximum of f . Finally, we want to prove that t0
is a global maximum of f . Otherwise, there would exist t2 ∈ I − { t0} such that f ( t2) = f ( t0).
From the classical Rolle’s Theorem there would exist a critical point of f between t0 and t2,
but this contradicts the uniqueness of t0. Therefore Sup( f ) = f ( t0).
Now, we consider an entire spacelike graph {(u(x, y), x, y) : (x, y) ∈ R2} ⊂ M , so that u
satisfies (A.2) everywhere on R2. Thus, the induced metric gu , given in (3), may be seen as a
Riemannian metric on R2. Note that t(u(x, y), x, y) = u(x, y) for any (x, y) ∈ R2, and thus t
and u can be naturally identified on the spacelike graph.
We put the following Riemannian metric on R2
g′ := f (u)
4
f (u)2 −
{(
∂u
∂x
)2
+
(
∂u
∂y
)2} gu (30)
which is complete whenever  := Inf( f ) > 0. This easily follows from the inequality L ′  2L0
where L ′ and L0 denote the lengths of a curve on R2 with respect to g′ and the usual metric
of R2, respectively. It is not difficult to see that the unitary timelike normal vector field on the
graph in the same time-orientation of −∂t is
N = − f (u)√
f (u)2 −
((
∂u
∂x
)2
+
(
∂u
∂y
)2)
(
1,
1
f (u)2
∂u
∂x
,
1
f (u)2
∂u
∂y
)
.
(31)
So, we obtain
〈N , a〉2 = f (u)
4
f (u)2 −
{(
∂u
∂x
)2
+
(
∂u
∂y
)2} (32)
and therefore we can rewrite (30) as follows
g′ = 〈N , a〉2gu .
Put λ = Sup( f ) and consider the Riemannian metric
g∗ = (〈N , a〉 + λ)2gu (33)
on R2. The completeness of the metric (30) easily gives that g∗ is also complete. Moreover,
it has the advantage over g′ that we can control its Gauss curvature. In fact, we will see that
g∗ has non negative Gauss curvature. If K ∗ and K denote the Gauss curvatures of g∗ and the
induced metric gu , respectively, then from (33) we have
K − (〈N , a〉 + λ)2 K ∗ =  log(〈N , a〉 + λ) (34)
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By using (25) and (28) and taking into account f  λ and (23), then from (34) we get
 log(〈N , a〉 + λ)  1〈N , a〉 + λ
{(
K − f
′(u)2
f (u)2
)
〈N , a〉 + 1
2
trace(A2)λ
}
 1〈N , a〉 + λ K (〈N , a〉 + λ) = K , (35)
which gives K ∗  0.
Proof of Theorem A. The proof which follows the previous argument considers the positive
superharmonic function f ( t) (see (11)) on the entire spacelike graph. Taking into account the
invariance of superharmonic functions by conformal changes of metric, we can consider f ( t)
as a positive superharmonic function of (R2, g∗) where g∗ is the Riemannian metric defined in
(33). Recall that a Riemannian manifold is called parabolic if the only positive superharmonic
functions are the constants. From a classical result by Ahlfors and Blanc-Fiala-Huber, see for
instance [13], we know that a complete 2-dimensional Riemannian manifold with non-negative
Gauss curvature is parabolic. Therefore, (R2, g∗) is parabolic and thus f ( t) is constant.
From Lemma 2.1 we get that u(x, y) is constant for all (x, y) ∈ R2. Moreover, taking into
account (10), we have that this constant satisfies f ′( t0) = 0, and this concludes the proof of
Theorem A.
The proof of Theorem B follows from the previous one and the assumption f ′ has no zero.
5. Some consequences and remarks
As it was pointed out in Section 2, a spacelike surface S of a RW space M is locally the
graph of a function which satisfies equation (A) if and only if S has zero mean curvature.
On the other hand, if a complete spacelike surface S of M satisfies Sup f ( t)|S < ∞, then it
is necessarily a spacelike graph [2, Proposition 3.3]. Moreover, the metric g∗ in (33) is also
complete if the induced metric (3) is complete. Thus, as a consequence, both Theorems A and
B give the following result:
Corollary 5.1. Let M be a Robertson–Walker space with fiber R2 and not locally constant
warping function f . Assume that M obeys NCC and Sup( f ) < ∞. Then, M admits a complete
maximal surface if and only if there exists t0 ∈ I such that f ′( t0) = 0, that is, if and only if it
admits a totally geodesic spacelike slice t = t0.
This result can be seen as a 2-dimensional version in the non compact case of [2, Proposition
4.1] (see also [9, first Theorem in section 10]).
Remark 5.2. (a) The same argument as the one given at the beginning of the last section shows
that if the derivative of the warping function f in Corollary 5.1 has a zero, then the assumption
Sup f < ∞ can be dropped.
(b) As it was noted in the last section, under assumption NCC, if f ′ has a zero, then it must
be unique. Thus, Corollary 5.1 gives the following result, which is a counterpart to [9, second
Theorem in section 10] in the non-compact 2-dimensional case.
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Corollary 5.3. A Robertson–Walker space with fiber R2 and not locally constant warping
function f such that Sup f < ∞, which obeys NCC, admits at most one complete maximal
surface, which is a totally geodesic spacelike slice.
Remark 5.4. It is well-known, [10, 11, 14], that an important tool for the study of maximal
surfaces in Lorentz–Minkowski space L3 (and of course, of minimal surfaces in Euclidean
space R3, [17]) is the (local) conformal Weierstrass representation of the surface. This allows
us to express in terms of conformal data the geometric objects of interest on the surface.
So that, the complex machinery of Riemann surfaces can be claimed as a powerful tool to
deduce geometric results. Recall that the key point which permits to use complex analysis in
this geometric area is that the coordinates functions of the immersion of a maximal surface
in L3 (or, a minimal surface in R3) are harmonic. However, it is not true, in general, in the case
of maximal surfaces in RW spaces. From (10), we observe that the function t is harmonic on
a maximal surface if and only if f ′( t) = f ′ ◦ t = 0. Moreover, if we suppose that f is not
locally constant, then we have that t is harmonic if and only if t = t0, with f ′( t0) = 0.
We finally discuss another interpretation of Theorems A and B, now in terms of stability,
in a sense which is next made precise. In order to do that, we will consider the family A of
Robertson–Walker spaces (I × R2, g f ), where g f now denotes the Lorentzian metric (2) to
emphasize the dependence on the warping function f . We will denote each member of A by
the corresponding pair (I, f ). We will say that a sequence of pairs {(In, fn)} converges to (I, f )
in A if:
(1) Sup In → Sup I and Inf In → Inf I in [−∞, ∞], and
(2) For any point t0 ∈ I there exist a compact interval Kt0 := [ t0 − , t0 + ],  > 0, and a
positive integer ν such that the sequence of k-th derivatives { f k)n }nν → f k) uniformly on Kt0
for all k = 0, 1, 2.
We can topologizeA from this notion of convergence in a standard way (compare with [12]).
Now, we consider the subspace
B = {(I, f ) ∈ A / Inf( f ) > 0, (log f )′′  0} ⊂ A.
Given a pair (I, f ) ofB, we will say that a property (P) which is satisfied by (I, f ) is stable
inB if for any sequence of pairs ofB, {(In, fn)}, such that {(In, fn)} converges to (I, f ), (In, fn)
satisfies (P) for any n  η, where η is a positive integer.
We focus our attention on the following property
(P): For (I, f ) in B, there exists some entire solution to equation (A).
Clearly, the pair (R, 1)ofB satisfies (P)from the Calabi–Bernstein Theorem, [6, 7]. However,
we will show that (P) is not stable for (R, 1) in B. We consider the sequence {(In, fn)} in B
where In := ]32 − n, ∞[ and fn( t) := 1 − 1/(t + n), for any n. This sequence converges to
(R, 1). However, Sup( fn) < ∞ and f ′n has no zero, for all n. As a consequence of Theorem B,
(In, fn) does not satisfy (P).
On the other hand, we can denote by #(I, f ) the number of solutions to equation (A) and
consider as another property
(P)′: For (I, f ) in B, if #(I, f ) 1 then #(I, f ) = ∞.
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Again from the Calabi–Bernstein Theorem, we know #(R, 1) = ∞. Consider the sequence
{(In, fn)} where In := ]−
√
n + 14 ,
√
n − 14 [ and fn( t) := 1 − (( t2)/n) for any n. This sequence
also converges to (R, 1). As f ′n(0) = 0, then from Theorem A we know that the only entire
solution to equation (A) is the constant u = 0. Therefore, #(In, fn) = 1, for all n, and so, the
property (P)′ of (R, 1) is not stable in B either.
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